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Quantum Pumping and Quantized Magnetoresistance in a Hall Bar
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We show how a dc current can be generated in a Hall bar without applying a bias voltage.
The Hall resistance RH that corresponds to this pumped current is quantized, just as in the usual
integer quantum Hall effect (IQHE). In contrast with the IQHE, however, the longitudinal resistance
Rxx does not vanish on the plateaus, but equals the Hall resistance. We propose an experimental
geometry to measure the pumped current and verify the predicted behavior of RH and Rxx.
PACS numbers: 72.10.Bg, 73.43.Cd, 73.23.-b
I. INTRODUCTION
The phenomenon of quantum pumping has received a
lot of attention in recent years1,2,3. It involves the gen-
eration of a dc current of electrons through ac modula-
tion of their environment, e.g. the potential landscape
or a magnetic field. This requires that at least two in-
dependent system parameters are varied in a periodic
manner, and with a phase difference φ between them4.
If the resulting current depends on quantum-mechanical
interference in the system, this process is named “quan-
tum pumping”, in contrast with “classical” pumping in
which particles are pumped sequentially5. So far, quan-
tum pumping has mainly been studied in the context
of charge6 and spin7 pumping in quantum dots, small
islands embedded in a semiconductor material8. In this
work, we focus on a new pumping geometry: a Hall bar in
the integer quantum Hall regime, see Fig. 1. We recently
proposed how quantum pumping in such a system may
be used to control and measure the local polarization of
the nuclei present in the system9. Here we study in more
detail the pumped current itself and investigate the cor-
responding perpendicular (Hall) and parallel resistance.
Using a Floquet scattering approach, we show that in
the regime of weak pumping and low temperatures the
pumped current exhibits typical pumping characteristics
such as linear dependence on the pumping frequency ω,
quadratic dependence on the pumping strength and sinu-
soidal dependence on the phase difference φ. For stronger
pumping, numerical analysis shows that the latter disap-
pears, although the periodicity in φ remains, and that
the current becomes more sharply peaked. We then cal-
culate the Hall resistance and find that it exhibits steplike
behavior as a function of the applied magnetic field. We
also calculate the longitudinal resistance Rxx which turns
out to be identical to RH . This can be explained in terms
of the intrinsic scattering nature of quantum pumping.
II. QUANTUM PUMPING
Let us start by considering the geometry schemati-
cally depicted in Fig. 1. It consists of a Hall bar placed
in a sufficiently strong magnetic field, so that electrons
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FIG. 1: Schematic picture of a Hall bar at bulk filling factor
ν = 1 with a magnetic field applied perpendicular to the plane
of the paper. Current (dashed lines) flows along the edges of
the sample and is scattered at the two quantum point contacts
AB and AC (shaded). See the text for further explanation.
travel in one-dimensional channels along the boundaries
of the sample10. These so-called edge channels corre-
spond to quantized energy levels, the Landau levels,
which are macroscopically degenerate, capable of hold-
ing many electrons. The number of filled Landau lev-
els is characterized by the filling factor ν ≡ neh/(eB),
where ne denotes the electron density and B the applied
magnetic field. The Hall bar in Fig. 1 contains three
contacts 1-3 which can be used to measure the voltage
drops perpendicular and parallel to the direction of the
current. It also contains three voltage gates A, B, and
C which, combined as the split-gate pairs AB and AC,
form two quantum point contacts (QPCs). By applying
time-varying voltages with a phase difference φ to gates B
and C, these gates may serve as pumping parameters. To
begin with, we concentrate on the regime of ν = 1 and as-
sume the QPCs transmit at most one edge channel. Part
of the electrons in the edge channel are then reflected
at, and part of them transmitted through each QPC, as
depicted in Fig. 1. Since transport is effectively one-
dimensional, we model the QPCs by δ-function potential
2barriers11 VAB(x, t) =
[
V¯AB + 2 δVAB cos(ωt)
]
δ(x + L2 )
and VAC(x, t) =
[
V¯AC + 2 δVAC cos(ωt+ φ)
]
δ(x − L2 ).
The time-dependent parts represent the pumping volt-
ages, applied to gates B and C, with ω the pumping
frequency and φ a phase difference12. In order to cal-
culate the pumped current, we use a Floquet scattering
approach13,14. This approach describes the scattering of
electrons at an oscillating barrier in terms of the gain
or loss of energy quanta h¯ω. If an incoming electron
has energy E, the outgoing state after interaction with
the barrier is characterized by energies En ≡ E + nh¯ω,
with n = ..,−2,−1, 0, 1, 2, ... The Floquet theorem states
that this is the full set of energies for outgoing particles13
and the scattering process is represented by the Floquet
scattering matrix SFL. The matrix elements tαβ(En, E)
of SFL represent the scattering amplitude of an electron
that arrives at the barrier from contact β with energy E
and leaves to contact α with energy En. The pumped
current into contact α, with in our case α = 1, 2 or 3, is
then given by14
Iα =
e
h
∫
dEf(E)
∑
β
∑
En>0
(|tαβ(En, E)|2−
|tβα(En, E)|2
)
. (1)
Here f(E) = (1 + exp[(E − µ)/(kBT )])−1 denotes the
Fermi distribution, with µ the chemical potential in the
leads, and we have assumed that incoming electrons in
different leads are described by the same Fermi function.
This is in agreement with our pumping set-up, where no
bias voltage is applied and all contacts are held at the
same chemical potential µ. Under these circumstances,
current flows out of and into each contact 1, 2 and 3, as
sketched in Fig. 1: all electrons emerging from contact 1
will flow into contact 2, the ones emerging from contact
2 are scattered at the QPC’s and go to contact 1 or 3,
and electrons coming out of contact 3 are either scattered
back into 3 or end up in contact 1. We are interested in
the net current flow Iα into each contact α = 1,2,3. It
is easy to see that I2 = 0, since the amount of incoming
and outgoing electrons at contact 2 is the same. So,
in order to calculate the pumped current, it is sufficient
to consider a two-terminal geometry, omitting contact 2,
and
I1 = −I3 = e
h
∫
dEf(E)
∑
En>0
(|t13(En, E)|2−
|t31(En, E)|2
)
. (2)
Now it remains to calculate the scattering amplitudes.
This is done by matching the appropriate wavefunctions
at the two δ-function barriers, as was recently done for
one-dimensional mesoscopic quantum pumps14,15. The
wavefunction describing electron transport along the
edge channels is given by the solution of the Schro¨dinger
equation ih¯ ∂∂tψ(x, y, t) = Hψ(x, y, t) with
H = 1
2m∗
(ih¯~∇+ e ~A)2 + V (y). (3)
Here m∗ denotes the effective mass, ~A the vector poten-
tial and V (y) the transverse confining potential16. We
now take the Landau gauge Ax = −By and assume
that the transverse confining potential can be described
by a harmonic potential, V (y) = 12m
∗ω20y
2. The lat-
ter gives a good description of transport at the edges
if V (y) is constant on the scale of the magnetic length
lm ≡
(
h¯
m∗
√
ω2
0
+ω2
c
)1/2
, with ωc ≡ |e|B/m∗ the cyclotron
frequency17,18. The solution of the Schro¨dinger equation
with the Hamiltonian (3) is then given by19
ψλ(x, y, t) = Cλ χλ(y) e
i(kx−
E
λ
h¯
t), (4)
χλ(y) = e
1
2l2
m
(y+
ω
2
c
ω2
0
+ω2
c
yk)
2
×(
∂
∂y
)λ
e
− 1
l2
m
(y+
ω
2
c
ω2
0
+ω2
c
yk)
2
(5)
Eλ = (λ+
1
2
)h¯
√
ω20 + ω
2
c +
1
2
m∗
ω20ω
2
c
ω20 + ω
2
c
y2k,
for λ = 0, 1, 2, ... (6)
Here Cλ denotes a normalization constant, yk ≡ h¯k/eB,
and Eλ the Landau levels measured from the lowest band
imposed by the confinement in the z-direction. When the
two time-dependent δ-function potentials are included
into the Hamiltonian (3), the Floquet theorem says that
the eigenstates of this new Hamiltonian can be repre-
sented as a superposition of the wavefunctions (4) with
shifted energies:
ψFL(x, y, t) =
∞∑
n=−∞
ψλ,n(x, y) e
−inωte−i
E
λ
h¯
t, (7)
with
ψλ,n(x, y) = Cλ χλ(y) e
iknx, (8)
kn =
√
2m∗
h¯2
ω20 + ω
2
c
ω20
[
EF + nh¯ω − 1
2
h¯
√
ω20 + ω
2
c
]1/2
.(9)
The wavevector (9) applies for the lowest Landau level.
The scattering amplitudes are obtained by matching (7)
at the boundaries x = −L2 and x = L2 . For an electron
coming from the left the wavefunctions to be matched
are given by
ψFL(x < −L
2
) = eik0x +
∞∑
n=−∞
rne
−iknxe−inωt(10)
ψFL(−L
2
< x <
L
2
) =
∞∑
n=−∞
(
Ane
iknx +Bne
−iknx
)×
e−inωt (11)
ψFL(x >
L
2
) =
∞∑
n=−∞
tne
iknxe−inωt. (12)
3Similar wavefunctions apply for electrons incident from
the right. Here we have omitted the time-dependent fac-
tor e−i
E0
h¯
t and transverse wavefunction χ1(y), since they
are common to all wavefunctions. Following the same
procedure as in Appendix A of Ref.14, we arrive at the
result
rn = (An − δn,0)e−iknL +Bn (13a)
tn = An +Bne
−iknL, (13b)
where An and Bn are given by recursion relations
(Eqs. (A10)-(A16) in Ref.14 with kn given by Eq. (9)).
We have solved these equations and calculated the re-
sulting current numerically. Before discussing this re-
sult, let us look at the special case of weak pumping, for
which an analytic solution can be obtained. Weak pump-
ing is characterized by δVAB(AC) ≪ V¯AB(AC). Assum-
ing, for simplicity, equal QPCs with V¯AB = V¯AC ≡ h¯2m∗ p
and δVAB = δVAC ≡ h¯2m∗ q, this translates into the re-
quirement q ≪ k0. In this case it is easy to show that
the scattering probability into the sideband with energy
En = E+nh¯ω is proportional to
(
q2
k2
0
)|n|
, so that in good
approximation only the lowest sideband for n = ±1 has
to be taken into account. We then set A±2 = B±2 = 0 in
the recursion relations of Ref.14 and calculate A0, A±1,
B0 and B±1. For nearly-open QPCs, with p ≪ k0, this
yields the transmission amplitudes, to lowest order in
q/k0,
t31,0 = 1 + 2i
q2
k20
sin(k0L)
(
eiφeik1L + e−iφeik−1L
)
(14a)
t31,±1 = −i q
k0
(
e−i(k0−k±1)
L
2 + e∓iφei(k0−k±1)
L
2
)
(14b)
t13,0 = 1 + 2i
q2
k20
sin(k0L)
(
e−iφeik1L + eiφeik−1L
)
(14c)
t13,±1 = −i q
k0
(
e−i(k0−k±1)
L
2 + e±iφei(k0−k±1)
L
2
)
.(14d)
The resulting current is given by
I3 = −I1
= −8 e
h
q2 sinφ
∫
dEf(E)
1
k˜20
cos(2k˜0L) sin(ǫk˜0L)(15a)
≈ −8 e
h
µ
q2
k20
sinφ cos(2k0L) sin(ǫk0L) for kBT ≪ µ,(15b)
with
ǫ ≡ 1
2
h¯ω
EF − 12 h¯
√
ω20 + ω
2
c
and
k˜0 = k0(EF → E)
For ǫk0L ≪ 1 the current (15b) is directly propor-
tional to the pumping frequency ω. In the derivation
of Eq. (15) we have assumed that ǫ ≪ 1, which is
true for typical system parameters, see Sec. IV. In this
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FIG. 2: The current I1 pumped into contact 1 as a function of
the phase difference φ. Parameters used are : B = 7 T , m∗ =
0.61 10−31kg (for GaAs), ωc = 1.836 10
13s−1, ω0 = 0.08ωc
18,
EF = 1.716 10
−21 J (for ne = 3 10
15m−2), L = 300nm21, and
ω = 108s−1. The solid line represents the analytical result
Eq. (15b), and the other lines represent numerical results for
p/k0 = 1/10, q/k0 = 1/6 (dashed line), p/k0 = 7/6, q/k0 =
1/6 (dot-dashed line), p/k0 = 1/10, q/k0 = 1 (dotted line).
case kn = k0
√
1 + 2nǫ ≈ k0 + k0nǫ for n not too large
(nǫ≪ 1), so certainly in the situation of weak pumping.
One may then use this expression of kn in the exponents
and set kn ≈ k0 in the prefactors. The latter is analo-
gous to the Andreev approximation which is often made
in calculations involving NS interfaces20.
Fig. 2 shows the pumped current I1 as a function of
the phase difference φ at low temperatures in the weak
and strong pumping limits. As expected, in the weak
pumping limit and for nearly-open QPCs the numeri-
cal result (dashed line) agrees very well with the ana-
lytical one (solid line). The current is proportional to
sinφ and we have checked that it displays other typical
pumping characteristics such as being linearly propor-
tional to both the frequency ω and the pumping ampli-
tude squared (q2)22. Also for less open QPCs (dot-dashed
line for which the transmission probability of both QPCs
TAB = TAC ≈ 0.57) the pumped current behaves in the
same way, the main difference being that it now has a
smaller amplitude. For higher pumping strength the cur-
rent acquires a more complex structure (dotted line). It
is not proportional to sinφ anymore, although it is still
periodic. For the set of parameters used here, the cur-
rent spreads over ± 40 sidebands upon scattering at each
QPC, many more than in the weak pumping regime.
4III. HALL AND LONGITUDINAL RESISTANCE
Having found that a current can be pumped across a
Hall bar in the absence of a bias voltage, it is interesting
to ask what resistance corresponds to this current. In
the usual integer quantum Hall effect a current is driven
through a Hall bar at low temperatures and gives rise to
a resistance parallel to the direction of the current (the
longitudinal resistance Rxx) and a resistance perpendic-
ular to the direction of the current (the Hall resistance
RH)
23. When measured as a function of the applied mag-
netic field, the Hall resistance exhibits plateaus at inte-
ger multiples of h/e2, a new plateau appearing when the
number of filled Landau levels changes by one. The ex-
planation for the appearance of the plateaus, on which
the resistance does not change, lies in the presence of
disorder in the system. This leads to the formation of
localized states which in turn lead to the quantization
because, roughly speaking, when the Fermi energy moves
through an energy band of localized states the number of
conduction electrons and hence the Hall resistance does
not change. For the same reason, the longitudinal resis-
tance vanishes on the plateaus since the localized elec-
trons cannot dissipate energy by making a transition to
a state that is lower in energy. When a new Landau level
is occupied (or emptied) and the Hall resistance jumps
to the next plateau, the longitudinal resistance exhibits
a peak before returning to zero.
How, then, is the behavior of RH and Rxx if the cur-
rent is not driven through the sample but pumped, as
described in the above? Is the Hall resistance then also
quantized and does the longitudinal resistance also van-
ish? Studying the configuration of Fig. 1 we will argue
in the following that the answer to the first question is
yes and to the second question is no.
Consider again the Hall bar of Fig. 1 in the regime
of ν = 1 and assume that the QPC’s transmit at most
one edge channel during the entire pumping cycle, so the
conductance GAB, GAC ≤ e2h . In the absence of scat-
tering at the QPC’s all three terminals are at the same
chemical potential µ. In order to calculate Rxx and RH
we first look at the voltage drop across terminals 1 and
2 (for RH) and 2 and 3 (for Rxx). Let Rαβ =
∑
n |rαβ |2
and Tαβ =
∑
n |tαβ |2 denote the reflection and transmis-
sion probabilities from contact β to contact α. Analyz-
ing incoming and outgoing currents at zero temperature,
the three contacts are then characterized by the chemical
potentials24
µ1 = (R12 + T13)µ
µ2 = µ
µ3 = (R33 + T32)µ.
These lead to the voltage drops
VH ≡ V2 − V1 = (1−R12 − T13)µ
e
= (T32 − T13)µ
e
Vxx ≡ V3 − V2 = (T32 +R33 − 1)µ
e
= (T32 − T13)µ
e
.
Here we have used the conservation laws T13 + R33 = 1
and R12+T32 = 1. It thus turns out that the parallel and
perpendicular voltage drops are the same, VH = Vxx ≡
V , and hence that the Hall resistance and longitudinal
resistance are equal:
RH = Rxx =
V
I3
=
h
e2
. (16)
In the last step of (16) we have used Eq.(2) for the cur-
rent I3 at low temperatures kBT ≪ µ. The same result
would also be obtained at higher temperatures. Eq. (16)
is valid on a plateau, when the Fermi energy lies in a
subband of localized states. The reason why RH is quan-
tized is the same as in the usual IQHE, and due to the
presence of impurities. More surprising, at first sight, is
the quantization of Rxx and it being equal to RH . When
looking more closely at Fig. 1, the reason for this becomes
clear and lies in the intrinsic scattering nature of quan-
tum pumping. The presence of scattering, here in the
form of the two QPC’s, is essential to obtain a pumped
current: in the absence of the QPC’s no such current
would flow. Moreover, even in the presence of the QPC’s
but if they are wider and transmit more than 1 edge chan-
nel, no current would flow: the time-dependent voltages
would periodically push the edge channel a bit more in-
wards, so that the electrons flow along and around the
barriers imposed by the voltage leads, and no net current
would be pumped into contact 1 or 3. In short, to obtain
a pumped current it is required that (part of) the elec-
trons are scattered. As a result, dissipation also occurs in
the direction parallel to the current flow and hence Rxx
never drops to zero. This was also found for the usual
IQHE, if the Hall bar contains one or more QPCs17. At
the same time, due to the absence of a bias voltage, the
difference between parallel and perpendicular resistance
vanishes25. Each outgoing electron from contact 2 or 3
is scattered into either contact 1 or 3. Since the outgo-
ing electrons are all at the same chemical potential and
the current is conserved, both VH and Vxx only depend
on the difference between the transmission probabilities
from 1 to 3 and vice versa.
So far, we have considered filling factor ν = 1 and
QPC’s with transmission less than unity. What happens
at higher filling factors and different transmission of the
QPC’s? Let ν = n and assume the QPC’s, still taken
to be equal, transmit m edge channels (with n and m
both integers) plus a fraction T , with 0 ≤ T ≤ 1, of
the (m+1)th channel. Then two situations can be distin-
guished:
1) n ≤ m → no pumping takes place, all edge channels
are transmitted without scattering.
2) n > m → The (m + 1)th edge channel gives rise
to a pumped current and corresponding
resistances RH = Rxx =
h
ne2
.
As a function of decreasing magnetic field, or equivalently
increasing filling factor ν, the Hall resistance thus rises
5(m+1)
1 h
e2
h
e2(m+2)
1
RH
Rxx
B*
B
or
pumped current
stops
FIG. 3: Schematic picture of the Hall resistance RH and lon-
gitudinal resistance Rxx as a function of the applied magnetic
field B. At B∗ the (m+1)th Landau level becomes occupied,
with m the highest Landau level which is still fully transmit-
ted by the QPC’s.
from 0 to the value h(m+1)e2 as soon as the (m+1)th Lan-
dau level becomes occupied at magnetic field B∗. This
is depicted in Fig. 3. For higher filling factors the re-
sistance decreases in steps, just as in the usual IQHE.
Similar arguments apply if the transmission probabilities
of the two QPC’s are not equal.
IV. DISCUSSION AND CONCLUSIONS
In this final section, let us look at realistic experimental
parameters in order to quantify our results. Typical Hall
bars are several 100 µm long and about 100 µm wide17.
Present-day experimental techniques allow for separation
of the gates by 200-300 nm21, so that the QPC gates can
be placed sufficiently far away from the other contacts 1-3
that the applied time-varying voltages do not affect the
voltage measurements there. For the parameters used
in Fig. 2 (see the caption) and temperatures T ∼ 10
mK the conditions kBT ≪ µ and ǫ ≪ 1 are fulfilled
and a pumped current on the order of 1-10 nA would be
generated, well within reach of observation. Our model
does not take dephasing effects into account. These are
detrimental to quantum pumping, but were found to be
small3 at temperatures below 100 mK.
In conclusion, we have found that a dc current can be
pumped across a Hall bar containing two QPC’s with-
out applying a bias voltage. Just like a current that is
driven through the sample, this pumped current gives rise
to a Hall and longitudinal resistance. In sharp contrast
with the usual IQHE, however, the longitudinal resis-
tance equals the Hall resistance and both exhibit plateaus
as a function of the applied magnetic field. A cut-off oc-
curs when the filling factor falls below the number of Lan-
dau levels transmitted through the QPC’s. Measurement
of RH and/or Rxx as a function of the magnetic field can
thus be used to deduce ν and the transmission of the
QPC’s. Also the sharp change in resistance at B∗ may
be useful, e.g. as a magnetic switch. We hope that these
curious properties of quantum pumping in high magnetic
fields will find experimental confirmation.
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